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Résumé: This paper is an analyze of the dynamical features of a mechanical elastic system excited by
harmonical forces and/or couples. For two different types of structural symmetry of the system, there are
some uncoupled subsystems with coupled moving. The author of the study determines the analytical
expressions of the amplitudes of forced vibrations, pointing out the influences of structural parameters of the
system (masses, mass inertia, elasticities, aso.).

1. INTRODUCTION

The main problems of the dynamical analyze of the mechanical systems with
elastic or/and viscous-elastic bearings are the next:
1)the modal moving analyze (natural frequencies, eigen values)
2)the amplitudes of harmonical vibration (straight vibration, rotational vibration)
3)the forces and couples transmitted to the foundation through the bearings

The analyze of the above dynamical parameters is very important starting
even from designing of any kind of mechanical systems, no matter of the vibration
source: technological vibration, useless/undesired vibration (from driven engine,
from mechanical transmission, from work equipment), environment vibration.

Because the most part of the exciting forces or couples are due to the cyclic
moving (straight or angular) of pieces or mechanical equipment, these are
harmonical or poly-harmonical. The type of excitations is inertial with the frequency
much higher than the natural frequencies of the mechanical system. That’s why,
the model with elastic bearings is good enough for dynamical analyze of the
technological equipment.

Acc. to [1], the matrix expression of the differential moving equation is

AG+Cq=f, (1)

where A is the matrix of inertia;
C-matrix of elasticities;
g -the vector of displacements;

g -the vector of accelerations;

f -the vector of disturbing forces.

2. THE DISTURBING FORCES AND COUPLES

In order to determine the elements of the vector of disturbing forces f

corresponding to the six independent movings of the rigid body, it has to take ina)
consideration the model from figure 1. Considered harmonical disturbing forces
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and couples are the most common for mechanical equipment:
» eccentric vertical forces (F;) and longitudinal forces (Fy);
» pitching couple (My) and rolling couple (My).
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Fig. 1. Rigid body with four elastic bearings Fig. 2. Rigid body with four elastic bearings
excited by some harmonical forces and couples excited by an inclined harmonical force

The figure 2 shows the model of the rigid body with four elastic bearings excited by
an inclined harmonical force F into a vertical-longitudinal plane. This is the case of
some technological equipment driven by one direction vibrators like industrial
feeders and chargers/dispensers, conveyors, classifiers aso..

For the forces and couples from figure 1 and figure 2, the vectors of disturbing
forces are the next:

» for rolling couple My

f =[0,0,0,Mpy sinwt,0,0]" )
»for pitching couple My

f =[0,0,0,0,My, sint 0] (3)
» for eccentric vertical force F,

f =00, Fo, sin ot e, Fo, sin ot,~e;,Fy, sinwt, 0] (4)
»for eccentric longitudinal force Fy

f =[0,Fy, sinwt0-e,F,, sinat,0,e5,Fy, sinwt |l (5)

» for inclined force F with « angle
f =Fpsin a)t[O, cosa,sina, ey, sina,—ey sina, ey cos a]T (6)

3. THE AMPLITUDES OF THE FORCED VIBRATION OF THE RIGID BODY WITH
UNCOUPLED MOVING

Many technological equipment have a symmetrical structure after vertical
planes and, at the same time, they have four identical bearings (position,
elasticity). In this case, the dynamical analyze is facilitated by decoupling the six
moving of the rigid body into subsystems with less coupled moving, that meaning
less equations for the systems of differential moving equations. Thus, the
analytical expressions of the amplitudes of steady-state forced vibration are more
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simple, setting off the influence of structural features (dimensions, masses, inertia,

elasticity) on them.

3.1. Rigid body with a vertical axis of symmetry

Acc. to [2], the moving of the rigid body with six degree of freedom is
decoupling into four subsystems; these displacements are measured by the

coordinates (X,(py), (Y,0y), Z and ¢,.

For §2 types of harmonical excitation, the differential moving equations and

the amplitudes of forced vibrations are the next:

» Excitation by rolling couple M
ethe differential moving equations:
mY +4k,Y + 4hk,py =0
Jxx +4hk,Y + 4(b2kz +h%k,, );px = My, sin ot
ethe amplitudes of forced vibration:
Ay = 2\ 2_ 4hky2MOX 2] 2,2
4k, —ma? Jalb?k, + h?k, |- Jya? |-16h7K2

. ok, -mo? Mo,
x4k, —mao? Jalb%k, + b2k, |- Jyo? |- 16hK2

» Excitation by pitching couple M,
ethe differential moving equations:

mX + 4k, X —4hk,p, =0
. 2 2 i
Jy @y —4hky X + 4(h ky +a%kz fp, = Mp,, sin ot
ethe amplitudes of forced vibration:

o  4hk,My, 1
" (aky - mao? Jaln?ky + 2%k, |- Jyo? |- 16n2K2
. (ke - ma? Mo,

% k- mo? I4(h2kx +a%ky |- Jyo? ]— 16h2k2

» Excitation by eccentric vertical force F,
ethe differential moving equations:

mX +4ky X - 4hkyp, =0
Jy iy —4hky X + 4(h2kx +a%k, );oy = —e;Fp, sin wt
mY +4k,Y +4hk,py =0
i +4hk,Y + 4(b2kz +h%k, ){/)X = e, Fp, sin ot
mZ + 4k,Z = Fy, sinot
ethe amplitudes of forced vibration:
A _4hkxe1xF02
y = - .
4k —me? J4lh2k, + a2k, |- Jyo? |- 16h2K2
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4k, —ma? biyFo, (17
P~ aky - mor? Jaln2icy + a2k, |- Jya? |- 16n2K2
—4hk e, Fy,

A

Ay = i (18)
lk, —ma? [albo?k, + h2k, |- dya? |- 16n2K2
, (K, - ma? e, Fy, )
7 " Tak, —ma? Jalb?k, + ik, |- Jya? ] 16n%K2
Ay = toz > (20)
4k, —mao
» Excitation by eccentric longitudinal force F,
ethe differential moving equations:
mY +4k,Y +4hk, oy = Fy, sin ot
oy +4hkyY 4(b2k h2k = —e,Fp, sin ot &)
xPx t yr+ zt y fPx zI0y SIN Wi
o3, +4a°ky + b%kyp, = €24Fp, sin ot (22)
ethe amplitudes of forced vibration:
p Foy (62K, + h2k,, )~ dar? |+ 4hk e, |
Y = 2\ 4(n2 2 2 2,2 (23)
4k, —ma? Jalb?k, + h2k, |- Jy? |- 16h%K2
2
a Foy_[ez(4ky - Mo )+ 4hky_J 28)
P lak, - mo? JalbPk, + hPk, |- dyo? |- 16h°K2
_ e2xF0y
Ae = #a®k, + b2k )~ 2
a‘ky +b%ky)-J;
» Excitation by inclined longitudinal force F (figure 2)
ethe differential moving equations:
mX +4ky X - 4hkyp, =0 (26)
Jyy —4hky X + 4(h2kx + azkz)fpy = —eyFp sin a sin ot
mY +4k,Y +4hk,p, = Fycosasinet 27
Iy +4hk,Y + 4(b2kz +h%ky oy = e,Fy sinasinat
mZ + 4k,Z = Fy sina sin ot (28)
J 0, + 4azky + b2qu>z = e, [y cos a sin wt (29)

ethe amplitudes of forced vibration:
—4hk,e,Fpsina
Ay = XX 0 (30)
ltky —ma? [alnZky + a2k, ) Jyo? |- 16h2K2
— |4k, — ma? b, Fysina
A, = o X O (31)
%tk - mo? JalnPicy + 8%k, |- Jyeo? |- 1602K2
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_F szkz + hzrky)— waZJCOSa - 4hl§yey sina

Ay =Fo (32)
2 2 2 2 2,2
4k, —ma? |4lb2k, + W2k, |- Jyo? |- 16n%K2
4k, —mo? , sina — 4hk,, cos
Ay, =Fo ( 9| a;)ey 204 w1 . 2,2 (33)
U lak, —mo? Jalb?k, + Pk, |- Jyo? |- 1602k
Fo sina
Ay =050 (34)
4k, —mo
3 exFpcosa
Ay, = (35)

dla®k,, +b%ky -,
3.2. Rigid body with a vertical-longitudinal plane of symmetry

The moving of the rigid body with a vertical-longitudinal plane of symmetry is
decoupled into two subsystems with the displacements after the coordinates
(X,goy,goz) and (Y,Z,¢,). For the same harmonical excitation like in §3.1, the

differential moving equations and the amplitudes of the forced vibrations are:

» Excitation by rolling couple My is moving the subsystem (Y,Z,gox)
ethe differential moving equations:

mY +4k,Y +4hk,py =0
mZ + 4k, Z + 2k, (b3 — by )p, =0 (36)
Jxfx +4hk,Y + 2k, (bs —by)Z + 2|k, b2 +b32)+ 2h?k, ]{px = Moy sin ot
ethe amplitudes of forced vibration:

4hk
Ay = —A—y MOX(4kZ — ma? ) (37)
1
Ay =- % Moy (b3 — by )(4ky —me? ) (38)
1
1
Ay = A—1M0X(4ky - ma? X4kz “ma?) (39)

Ar =k, — wmaic, - o?ml2li, (b3 + b3 )+ 202k, |- 020, |-

where ~ [2kz(b3 _b, )]2(4ky _ a)zm)— (4hky)2(4kz - a)zm)

(40)
» Excitation by pitching couple M, is moving the subsystem (X,(py,(pz)
ethe differential moving equations:
mX + 4k, X —4hkyp, — 2k, (bg —by )p, =0
Jyéy —4thX+4(h2kX +a%ky Jp, +2hk, (b3 —by o, = My, sinwt (41)
245 — 2k (bg by )X + 2hky (b3 —by o, +2|2a%k, +kx(b§ +b2 )]rpz =0

ethe amplitudes of forced vibration:

4hk
= 5 oty 2,2 2] o) @
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1
Ap, :EMOyHka(bs -b,)F +(4kx ‘ma’QI"aZ"y +2kX(b§ +b32)‘ JZC"Q]} (43)
2hmk,w?
A, =A—X“’M0y(b3 —by) (44)
2
where

A =tk —mo? Jalb2ky + a2k, |- d, 02 fooa?k, + k(b2 + b2 |- Jye? |+

+2(= 4k 2, (bg — by )] 2k (bg ~ b2 )]~

~[2ky (b — by )P [tk — mw?)- (45)
~[- 2k, (b5 — by [4(/72 Ky + azkz)— Jyo? ]

—(~4hk, {2[2a2 Ky +ky (b2 + b2 )]— Jyo?)

» Excitation by eccentric vertical force F, is moving both subsystems (X, qoy,(pz)
and (Y,Z,0y,)
ethe differential moving equations:
mY +4Kk,Y +4hk ¢y =0
mZ +4k,Z + 2k, (b3 — by Jpy = Fp, sinat (46)
Jxfx +4hkyY + 2k, (b3 — by )Z + 2|k, (b5 + b3 )+ 2h°k,, ];ox = e, Fy, sinot
mX +4ky X —4hkyp, - 2ky(bg —by Jp, =0

Jy by —4hkxX+4(h2kx +a’k, )(py +2hky (bg — by )p, = —€4,Fo, Sinat (47)

207 —2ky(bs —bp)X + 2hky (b3 —by o, +2|2a%k, +kx(b§ +b3 }pz =0

ethe amplitudes of forced vibration:
4hk,,

F02[2kz (b3 —bz)-e, (4kZ — mw? )] (48)

Ay =

F
Ay = —AL:{(4hky P +2e,k,(bs —bz)(4ky —ma)z)—

(49)
~ |2k, (b§ +b2 )+ 4h?k, - Jxa)ZK4ky - ma)z)}
Ay, = %(4@ — mw? Iey (4kz — ma? )— 2k, (bg — by )] (50)
1
4hk
Ay =— AZX e1xFoz {kx(b3 —by )2 — [4a2ky + 2kx(b§ +b§)— Jza)z]} (51)
e1xFo { 2 2Y,.2 2 42 2]}
Ay, :ﬁ 2ky (b3 —by)] —(4kx - Mo 14a ky +2kx(b2 +b3 )— J, (52)
2hk
Ap, =———%e1,Fo, (b3 — by )ma? (53)

where A; is like (40) and A, has the expression (45).

» Excitation by eccentric longitudinal force Fy is moving both subsystems
(X=¢’y’¢z) and (Y,Z,¢y)
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ethe differential moving equations:
mY +4kyY +4hky oy = Foy sinat
mZ +4k,Z + 2k, (b3 — by )py =0
Jxfx +4hk,Y + 2k, (b3 — by )Z +2 kz(b22 + b§)+ 2h?k, ]{px = —e,Fy, sinot

mx+4kxX—4hkx(Py _2kx(b3 _b2)¢z =0

J —4thX+4(h2kX+a2kZ y +2hky (b3 —bp)p, =0

y(by

ethe amplitudes of forced vibration:

F
= oty b ), e, s}
1

—[2k,(bs - by )F +e, [4hky (4kz —maw? )]}

Az = %Foy(% — by )[4hky + ez(4ky —ma? )]

>

oy = —%y (4/(Z ~ma? I4hky + ez(4ky — ma? )]

F
Ay = 6222‘” 2k, (b3 —b2)(4a2kz ~Jyo? )

_ G2xFoy 2
Ay, = A 2hky (b3 — bo )me
e2xFo {( 2 21 2 2 2B
0=, Y (4hky) —(4kx—ma) 4(h ky +a kz)—Jya)

» Excitation by inclined force F (figure 2) is moving both subsystems
ethe differential moving equations:

mY +4k Y +4hk, ¢, = Fycosasinaet
mZ + 4k ,Z + 2k, (b3 — by )py = Fo sina sinot
Jxfx +4hk,Y + 2k, (b3 —bp)Z + 2|k, b2 +bZ |+ 2h%k,, py = €, Fy sinasinot
mX +4ky X —4hkyp, — 2ky(bs — by Jp, =0
Jydy —4thX+4(h2kX +a2kz)¢>y +2hk, (bg — by Jp, = —e,Fy sinasinaot

ethe amplitudes of forced vibration:

Focosa {[ka(b3 —b, )P - (4/<Z -ma? I2kz (b22 +b3 Js 4h’ky - Jyo® B+

Ay = -
Fo sin
+ 0A1 “ahk, [2kz(b3 ~by)-e, (4kz —ma)Z)]
Ay =-FOSNT o o (bs ~ by lk, —maw? )+ (ank, P -

2 2 2 2 2 Focosa
—(4ky -mao IZkZ(bZ +b3 )+ 4hky, —Jyo D+0A—18hkykz(b3 ~by)
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207 — 2k (bs —b2)X + 2k (bs — by o, +2(2a%ky, + ky (bg +b3 )];Z = eoxFoy sinat

267 — 2ky(bg —bp)X +2hky (b3 — by Yo, +2|2a%k,, +ky (b22 +b3 )I;Z = e, Fp cosasin ot

(54)
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A

Fo [ 2
0y = E —4hk,, cos(;z(4kZ -mow )—

(66)
— 2k, sina(bs — b, )(4ky — ma)2)+ ey sin a(4ky ~maw? X4kZ - ma? )]

Ay = 2Ak2X e, Fo {cos a(bs —by )(4a2kz —Jya)2)— 2h sina[4a2ky +Ky(bg + by VP —Jy0? ]}(67)
Ay, = exFo SN for (b by )P — [tk —ma? Jaa2k, + 2k, b2 + b2 ) s,0? |+
F 2 (68)
1+ EXT0COSE ok (bs — by )mw?
Az
Ay, = ﬂ{zrpkx sina(bs — by Jma? +
Ay (69)

+cosa[(4hkx P —(aky ~ mao? 14(/72 ky +a2ky ) Jyo? ]]}

4. CONCLUSIONS

a)thanks of structural symmetries of the rigid body and of his elastic
bearings, the moving are decoupled, in this way the differential equations can be
analytically solved;

b)analytical expressions of the amplitudes can be used to point out the
influence of the structural features on the dynamic characteristics of the rigid body;

c)the dynamic study of different technological equipment can have two kind
of scopes:
1-finding the optimal parameters for increasing the technological efficiency;
2-reducing the level of vibration transmitted to human operator, to environment or
to equipment himself;

d)for a “good” choice of structural parameters, the steady-state forced
vibration can be reduced or even repealed, especially rotational vibration which
are very dangerous.
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